In this paper, we introduce the concept of α-dominated multivalued mappings and establish the existence of common fixed points of such mappings on a closed ball contained in left/right K-sequentially complete dislocated quasi b-metric spaces. These results improve, generalize, extend, unify, and complement various comparable results in the existing literature. Our results not only extend some primary results to left/right K-sequentially dislocated quasi b-metric spaces but also restrict the contractive conditions on a closed ball only. Some examples are presented to support the results proved herein. Finally as an application, we obtain some common fixed point results for single-valued mappings by an application of the corresponding results for multivalued mappings satisfying the contractive conditions more general than Banach type and Kannan type contractive conditions on closed balls in a left K-sequentially complete dislocated quasi b-metric space endowed with an arbitrary binary relation.
Introduction and preliminaries
The letters, Q, Q + , R, R + , N, and N 0 will denote the set of all rational numbers, the set of all nonnegative rational numbers, the set of all real numbers, the set of all nonnegative real numbers, and the set of all natural numbers and the set of all nonnegative integer numbers, respectively.
A point x in a nonempty set X is called a fixed point of the mapping T : X → X if T x = x. In metric fixed point theory, imposition of a contractive condition on a mapping plays an important role for proving the existence of a fixed point of a mapping (see, [6, 7, 14, 17, 23] and references therein).
Let (X, d) be a metric space. A mapping T : X → X is called:
(BC) Banach contraction mapping [7] if for any x, y ∈ X, there exists k ∈ [0, 1) such that
d(T x, T y) kd(x, y);
(KN) Kannan contraction mapping [17] if there exists k ∈ [0, holds for all x, y ∈ X.
If either of the conditions (BC) or (KN) is fulfilled, then T has a unique fixed point provided that X is a complete metric space. The mapping T satisfying the condition (BC) is continuous while the condition (KN) does not ensure the continuity of a mapping T . This makes Kannan contraction mappings more important than the mappings satisfying Banach contraction condition (BC).
On the other hand, the concept of a metric space has been generalized in several ways.
Definition 1.1 ([35]
). Let X be a nonempty set and d : X × X → R + . Suppose that for any x, y, z ∈ X, the following conditions hold: In 1931, Wilson [34] introduced the notion of quasi metric space as a generalization of metric space. In 2000, Hitzler et al. [13] introduced dislocated metric spaces (metric like spaces). The notion of dislocated topologies have useful applications in the context of logic programming semantics ( [12, 13] ). Combining the concepts of quasi and dislocated metric spaces, Zeyada et al. [35] coined the notion of a dislocated quasi metric space (quasi-metric like space). ([2, 6, 18, 32] ). Let X be a nonempty set and s 1 a real number. Suppose that for any x, y, z ∈ X, the mapping d qb : X × X → R + satisfies the following conditions:
Definition 1.2
(dq 1 Czerwik [10] proved Banach contraction theorem for single and multivalued mappings in b-metric spaces. Since then several fixed point results for various classes of single-valued and multivalued operators have been proved in the framework of b-metric spaces [10, 11, 29] . The concepts of quasi b-metric, dislocated b-metric, and dq b-metric are more general than that of a b-metric.
2. quasi b-metric space is a quasi metric space; 3. dislocated b-metric space (or b-metric-like space) is a dislocated metric space (or metric-like space); 4. dq b-metric space (or quasi b-metric-like space) is a dq metric space (or quasi metric-like space).
Note that a b-metric d qb : X × X → R + is not necessarily continuous in each variable. Also, if b-metric d qb is continuous in one variable, then it is continuous in the other variable (see [3] ).
It is obvious that b-metric spaces, quasi b-metric spaces, and dislocated b-metric spaces are dq b-metric spaces, but the converse does not hold in general.
where m, n ∈ N\{1} with n = m. Then (X, d qb ) is a dq b-metric space with s = 2. As
is not a dislocated quasi metric space.
In view of the following proposition, some more examples of dq b-metric spaces can easily be constructed.
Proposition 1.6 ([26]
). Let X be a nonempty set such that d q is a dq metric and d b is a b-metric with s > 1 on X. Then the function d qb : X × X → R + defined by
is dq b-metric on X.
Reilly et al. [28] introduced the concept of left/right K-Cauchy sequence and left/right K-sequentially complete spaces (see [5] ). We have the following definitions given in [33, 36] .
(a) dq b-converges to a point x ∈ X if and only if
in this case x is called a dq b-limit of {x n } and we write x n → x as n → ∞; (b) left (right) K-Cauchy sequence if ∀ > 0, there exists n 0 ∈ N such that for all n > m n 0 ,
The space (X, d qb ) is called left (right) K-sequentially complete if every left (right) K-Cauchy sequence in X dq b-converges to a point x ∈ X.
Each dq b-metric d qb generates a topology on X whose base is the family of open balls {B qb (x 0 , r) :
Throughout this paper, we assume that a dq b-metric d qb is continuous in one variable. The development of metric fixed point theory for multivalued mappings was initiated by Nadler [23] in 1969. He introduced the concept of set-valued contraction mappings and extended the Banach contraction principle to set-valued mappings by using the Hausdorff metric. Since then various wellknown results for single-valued contraction mappings have been extended for multivalued mappings (see, [9-11, 16, 19-21, 32] and references mentioned therein).
Arshad et al. [4] proved some results dealing with the fixed points of a mapping satisfying a contractive conditions on closed ball contained in a complete dislocated metric space. For more results in this direction, we refer to [4, 5] and references mentioned therein. These results are very useful in the sense that they require the contraction condition of the mapping only on the closed ball instead of the entire space.
Consistent with [2, 3, 6, 8, 10, 11, 15, 18, 30, 32] , the following definitions and results will be needed to derive the main results.
Unless stated otherwise from now onwards, X denotes dq b-metric space equipped with dq b-metric d qb with constant s 1. Suppose that
A is a nonempty subset of X}, B(X) = {A : A is a nonempty bounded subset of X}, CL(X) = {A : A is a nonempty closed subset of X}, C(X) = {A : A is a nonempty compact subset of X}, CB(X) = {A : A is a nonempty closed and bounded subset of X}.
(1) a fixed point of T if x * ∈ T x * ; (2) a common fixed point of S and T if x * ∈ Sx * ∩ T x * .
We denote by F(T ) the set of fixed point of T . For A, B ∈ CB(X) and x ∈ X, define
The function H qb is called the Hausdorff dq b-metric on CB(X) induced by d qb . Note that,
A mapping T : X → CL(X) is said to be continuous at x ∈ X if for every sequence {x n } in X with lim
Definition 1.8. Let X be a nonempty set and α : X × X → R + . A mapping T : X → N(X) is called α-dominated on X if for each x ∈ X, we have α(x, u) 1 for any u ∈ T x.
T is α-dominated on A ⊆ X if for each x ∈ A, we have α(x, u) 1 for any u ∈ T x. Example 1.9. Let X = {0, 1, 2}. Define the mapping T : X → N(X) by
and α : X × X → R + as:
α(x, y) = e x+y , if x = y, 1, otherwise.
Note that, T 0 = {0, 1}, T 1 = {0, 1}, and T 2 = {1, 2}. Note that for each x ∈ X, α(x, u) 1 for any u ∈ T x and hence T is α-dominated mapping on X.
Note that for any x ∈ X, the set T x is closed subset of X. Clearly, T is α-dominated mapping on [0, 1]. Indeed,
We need the following analogous Lemmas [23] in the framework of d qb metric spaces. For sake of completeness, we give the proofs.
Proof. Assume on contrary that there exists ε > 0 such that for any b ∈ B, we have Proof. Suppose that A = B and a ∈ A. Then, we have
and hence
.
As H qb is dislocated and A = B, H qb (A, B) = 0. Thus µ 1, a contradiction. Lemma 1.14. Let A, B ∈ C(X) and µ 1. Then for every a ∈ A, there exists b ∈ B such that d(a, b) µH qb (A, B).
From the viewpoint of application of contraction mapping, it is possible that a mapping T defined on the space X satisfies contractive condition on the subset Y of the space X rather than on the entire space X. In addition, the contraction mapping under consideration may not be continuous. In this paper, we establish the existence of common fixed points for multivalued α-dominated mappings which are assumed to satisfy contractive conditions only on a closed ball in dq b-metric spaces. We also obtain certain fixed point and common fixed point theorems of multivalued mappings on a complete dq bmetric space endowed with an arbitrary binary relation. We apply our results to prove the existence of fixed point and common fixed point of single-valued mappings in the setup of dislocated quasi b-metric spaces.
Main results
In this section, we present some results dealing with the existence of common fixed point for α-dominated multivalued mappings satisfying certain contractive conditions on closed balls in the framework of left K-sequentially complete dq b-metric spaces.
We start with the following result.
Theorem 2.1. Let (X, d qb ) be a left K-sequentially complete dq b-metric space, x 0 ∈ X, and α :
and
2)
holds, where k = λ + β 1 − β and sk < 1;
If, in addition, S and T are compact valued mappings,
Proof. Let x 0 be a given point in X and x 1 ∈ Sx 0 . Note that,
Hence
holds. Since x 1 ∈ Sx 0 , and S is α-dominated mapping on B qb [x 0 , r], we have α(x 0 , x 1 ) 1. By Lemma 1.12, there exists x 2 ∈ T x 1 such that
It follows from (2.1) that
Thus from (2.3) and (2.4), we have
holds. By Lemma 1.12, there exists x 3 ∈ Sx 2 such that
Since x 2 ∈ T x 1 , and T is α-dominated mapping, we get α(x 1 , x 2 ) 1. It follows from (2.2) that
Thus from (2.3), (2.4), and (2.5), we have
for some i ∈ N with x 2i ∈ T x 2i−1 and
Now choose ε > 0 such that
Since x 2i ∈ T x 2i−1 and T is α-dominated mapping on B qb [x 0 , r], we have α(x 2i−1 , x 2i ) 1. By Lemma 1.12 , there exists x 2i+1 ∈ Sx 2i such that
It follows from (2.6) that
Since x 2i+1 ∈ Sx 2i and S is α-dominated mapping on B qb [x 0 , r], we obtain α(x 2i , x 2i+1 ) 1. Now choose ε > 0 such that
By Lemma 1.12, there exists x 2i+2 ∈ T x 2i+1 such that
Using inequality (2.1), we have
using (2.8) which further implies that
Now by (2.9), we get
Thus, for some j ∈ N 0 we have
Note that
which implies x j+1 ∈ B qb [x 0 , r]. Hence by induction, x n ∈ B qb [x 0 , r]. Also α(x n , x n+1 ) 1 and inequality (2.10) can be written as
Hence lim n,m→∞ d qb (x n , x n+m ) = 0 and we get that {x n } is a left K-Cauchy sequence in (B qb [x 0 , r], d qb ).
As every closed ball in a complete dq b-metric space is complete, so
Suppose that condition (iii) (a) holds. Note that
Taking limit as n → ∞ on both sides of above inequality, we obtain that d qb (x * , Sx * ) 0. That is, d qb (x * , Sx * ) = 0 and hence x * ∈ Sx * . Similarly,
Taking limit as n → ∞ on both sides of above inequality, we obtain that d qb (x * , T x * ) 0 gives that x * ∈ T x * . Next, we suppose that condition (iii) (b) holds. As α(x n , x * ) 1, we have
which implies that
Taking limit as n → ∞ on both sides of above inequality, we obtain
Similarly, x * ∈ T x * . Since S and T are α-dominated mappings on B qb [x 0 , r], we have α(x * , x * ) 1. Now if S and T are compact valued mappings, then by Lemma 1.14 with µ = 1, we have 
The following example supports Remark 2.2 (i). 
Hence, S and T satisfy the inequality (2. k(1 − sk)r. For any sequence {x n } in B qb [x 0 , r] with α(x n , x n+1 ) 1 for all n ∈ N 0 and x n → x ∈ B qb [x 0 , r] as n → ∞, we obtain that α(x n , x) 1 for all n ∈ N 0 . Thus all conditions of Theorem 2.1 are satisfied. Therefore, x * = 0 is a common fixed point of S and T in B qb [x 0 , r], then we have d qb (x * , x * ) = 0 as Sx and T x are compact sets for any x ∈ X. Example 2.4. Let X = R + and d qb (x, y) = |x − y| 2 + x 2 36 for all x, y ∈ X. Define the mappings S, T : X → CB(X) by
and T x = [0, 1 for all n ∈ N 0 and x n → x ∈ B qb [x 0 , r] as n → ∞, we obtain that α(x n , x) 1 for all n ∈ N 0 . Thus all the conditions of Theorem 2.1 are satisfied. Hence x * = 0 is the common fixed point of S and T in B qb [x 0 , r]. As Sx and T x are compact sets for each x ∈ X, we have d qb (0, 0) = 0. Corollary 2.5. Let (X, d qb ) be a left K-sequentially complete dq b-metric space with x 0 ∈ X and α : X × X → R + . Suppose that S : X → CB(X) is α-dominated mapping on B qb [x 0 , r] and for any x, y ∈ B qb [x 0 , r] with α(x, y) 1, we have
where 0 λ + 2β < 1. If there exists x 1 ∈ Sx 0 such that
where k = λ+β 1−β and sk < 1, then S has a fixed point x * ∈ B qb [x 0 , r] provided that S is continuous or for any sequence {x n } in B qb [x 0 , r] with α(x n , x n+1 ) 1 for all n ∈ N 0 and x n → x ∈ B qb [x 0 , r], we have α(x n , x) 1 for all n ∈ N 0 . Moreover, if S is compact valued, then d qb (x * , x * ) = 0.
Proof. If S = T in Theorem 2.1, we obtain x * ∈ B qb [x 0 , r] such that x * ∈ Sx * and d qb (x * , x * ) = 0. Corollary 2.6. Let (X, d q ) be a left K-sequentially complete dq b-metric space, x 0 ∈ X, and α : X × X → R + . Suppose that S, T : X → CB(X) are α-dominated mappings on B qb [x 0 , r] such that for any x, y ∈ B qb [x 0 , r] with α(x, y) 1, we have
where k = λ+β 1−β and sk < 1, then S and T have a common fixed point x * ∈ B qb [x 0 , r] provided that either S, T are continuous or for any sequence {x n } in X with α(x n , x n+1 ) 1 for all n ∈ N 0 and x n → x ∈ B qb [x 0 , r], we have α(x n , x) 1 for all n ∈ N 0 . Moreover, if S and T are compact valued, then d qb (x * , x * ) = 0.
In Theorem 2.1, the condition (2.3) restricts the conditions (2.1) and (2.2) to B qb [x 0 , r]. If we relax the condition (2.3) and consider the conditions (2.1) and (2.2) for all elements x, y in X, then we have the following result. Theorem 2.7. Let (X, d qb ) be a left K-sequentially complete dq b-metric space and α : X × X → R + . Suppose that S, T : X → CB(X) are α-dominated mappings on X such that for any x, y ∈ X with α(x, y) 1, we have
11)
12)
where 0 λ + 2β < 1. If either S and T are continuous or for any sequence {x n } in X with α(x n , x n+1 ) 1 for all n ∈ N 0 and x n → x ∈ X, we have α(x n , x) 1 for all n ∈ N 0 . Then S and T have a common fixed point x * ∈ X. Moreover, if S and T are compact valued, then d qb (x * , x * ) = 0.
Proof. Fix x 0 ∈ X and choose r > 0 such that 
Define α : X × X → R + as α(x, y) = ln(x + y + e) if x, y ∈ Q + − {0} and α(x, y) = 1 otherwise. Clearly, the mappings S, T are α-dominated mappings on X and satisfy inequalities (2.11) and (2.12) for any x, y ∈ X. Moreover, for any sequence {x n } in X with α(x n , x n+1 ) 1 for all n ∈ N 0 and x n → x, we have α(x n , x) 1 for all n ∈ N 0 . Thus, all conditions of Theorem 2.7 are satisfied and we obtain x * in X such that x * ∈ Sx * ∩ T x * = {x * ∈ Q + |4 (x * ) 2 < 5} ∪ {0}. As S and T are not compact valued, d qb (x * , x * ) = 0 does not hold for some x * ∈ Sx * ∩ T x * . For example, 2 ∈ Q + − {0} and 2 ∈ S2 ∩ T 2 = {y ∈ Q + |4 y 2 < 5} but
Corollary 2.9. Let (X, d qb ) be a left K-sequentially complete dq b-metric space, and α : X × X → R + . Suppose that S : X → CB(X) is α-dominated mapping on X such that for any x, y ∈ X with α(x, y) 1, we have
where 0 λ + 2β < 1. If S is continuous or for any sequence {x n } in X with α(x n , x n+1 ) 1 for all n ∈ N 0 and x n → x ∈ X, we have α(x n , x) 1 for all n ∈ N 0 . Then S has a fixed point x * in X. Moreover, if S is compact valued, then d qb (x * , x * ) = 0.
Proof. The result follows from Theorem 2.7.
Corollary 2.10. Let (X, d qb ) be a left K-sequentially complete dq b-metric space with x 0 ∈ X and S, T : X → CB(X).
Suppose that for any x, y in B qb [x 0 , r], we have
where λ + 2β ∈ [0, 1). If there exists x 1 ∈ Sx 0 such that
where k = 
13)
where k = λ+β 1−β and sk < 1, then S has a fixed point
b-metric space with s = 2. Define the mapping S : X → CB(X) by
. , the mapping S satisfies inequality (2.13) for any x, y ∈ X. Thus, all conditions of Corollary 2.11 are satisfied and S has a fixed point x * = 0. Also, d qb (0, 0) = 0. Corollary 2.13. Let (X, d qb ) be a left K-sequentially complete dq b-metric space and S : X → CB(X). If for any x, y in X, we have
14)
where λ + 2β ∈ [0, 1), then S has a fixed point x * in X. Moreover, if S is compact valued, then d qb (x * , x * ) = 0.
Example 2.14. If X = R + and d qb (x, y) = |x − y| 2 , then (X, d qb ) is a left K-sequentially complete dq b-metric space with s = 2. Define the mapping S : X → CB(X) by
Define α : X × X → R + as α(x, y) = 2 for any x, y ∈ X. Clearly, the mapping S is α-dominated mapping on X. For λ = 1 9 , β = 2 9 , and k = 3 7 , the mapping S satisfies inequality (2.14) for any x, y ∈ X. Thus, all conditions of Corollary 2.13 are satisfied and S has a fixed point x * = 0. Also, d qb (0, 0) = 0.
Remark 2.15. Note that, dislocated quasi metric, dislocated b-metric, quasi b-metric, partial b-metric, bmetric, dislocated metric, quasi metric, partial metric, and ordinary metric versions of our results are also new in the literature.
Applications on a complete dq b-metric space endowed with an arbitrary binary relation
In this section, we study the necessary conditions for existence of common fixed point of mappings defined on left K-sequentially complete dq b-metric spaces endowed with an arbitrary binary relation R.
Let us recall the following definitions and known results.
Definition 3.1 ([22, 31] ). Let X be a nonempty set. A subset R of X 2 is called a binary relation on X. For each pair x, y ∈ X, we say that "x is R-related to y " or "x relates to y under R" if and only if (x, y) ∈ R and (x, y) / ∈ R means that "x is not R-related to y" or "x does not relate to y under R".
Notice that X 2 and ∅ being subsets of X 2 are binary relations on X, which are called universal relation (or full relation) and empty relation, respectively.
Definition 3.2 ([1]
). Let R be a binary relation defined on a nonempty set X. Then any pair of points x, y in X is called R-comparative if either (x, y) ∈ R or (y, x) ∈ R, which is written as [x, y] ∈ R.
Definition 3.3 ([22])
. A binary relation R defined on a nonempty set X is called (i) reflexive if (x, x) ∈ R ∀x ∈ X; (ii) irreflexive if (x, x) / ∈ R for some x ∈ X; (iii) symmetric if (x, y) ∈ R implies (y, x) ∈ R ∀x, y ∈ X; (iv) antisymmetric if (x, y) ∈ R and (y, x) ∈ R imply x = y, ∀x, y ∈ X; (v) transitive if (x, y) ∈ R and (y, z) ∈ R imply (x, z) ∈ R ∀x, y, z ∈ X; (vi) preorder if R is reflexive and transitive; (vii) partial order if R is reflexive, antisymmetric, and transitive.
We set
Definition 3.4 ([1]
). Let X be a nonempty set and R a binary relation on X. A sequence {x n } ⊂ X is called R-preserving if (x n , x n+1 ) ∈ R ∀n ∈ N 0 . Definition 3.5. Let X be a nonempty set, and R a binary relation on X. A multivalued mapping T : X → N(X) is called R-dominated mapping on X if for each x ∈ X, we have (x, u) ∈ R for any u ∈ T x. In particular T is R-dominated mapping on A ⊆ X if for each x ∈ A, we have (x, u) ∈ R for any u ∈ T x. Theorem 3.6. Let (X, d qb , R) be a left K-sequentially complete dq b-metric space endowed with R with x 0 ∈ X and S, T : X → CB(X). Suppose that the following conditions hold:
(i) S and T are R-dominated mappings on B qb [x 0 , r]; (ii) there exist some constants λ, β satisfying 0 λ + 2β < 1 such that for any (x, y)
(iv) either S and T are continuous or for any sequence {x n } in B qb [x 0 , r] such that {x n } is R-preserving and x n → x ∈ B qb [x 0 , r], we have (x n , x) ∈ R for all n ∈ N 0 .
Then S and T have a common fixed point x * ∈ B qb [x 0 , r]. Moreover, if S and T are compact valued, then d qb (x * , x * ) = 0.
Proof. If we define the mapping α :
then, all the conditions of Theorem 2.1 are satisfied and hence we have the result.
Remark 3.7. Similar result as the above theorem can be established if the binary relation R is R-reversing.
is not a metric space. Define the mappings S, T : X → CB(X) by
Define a binary relation R = {(x, y) ∈ [0, . Note that, for any (x, y) ∈ R, we have
Thus S and T satisfy inequalities (3.1) and (3.2) for λ = k(1 − sk)r. The mappings S and T are continuous. Indeed, let {x n } be a sequence in In Example 3.8, the relation R is a partial order but Theorem 3.6 holds for any relation R. Definition 3.9. Let X be a nonempty set. Then (X, d qb , ) is called a partially ordered dq b-metric space if (X, d) is a dq b-metric space and (X, ) a partially ordered space. Definition 3.10. Let (X, d qb , ) be a partially ordered dq b-metric space. We say that T : X → CB(X) is -dominated mapping if for each x ∈ X, we have x u for any u ∈ T x. Definition 3.11. Let (X, d qb , ) be a partially ordered dq b-metric space. A sequence {x n } ⊆ X is called -preserving if x n x n+1 for all n ∈ N 0 . Corollary 3.12. Let (X, d qb , ) be a partially ordered left K-sequentially complete dq b-metric space with x 0 ∈ X, and S and T be -dominated mappings on B qb [x 0 , r]. Suppose that there exist some constants λ, β satisfying 0 λ + 2β < 1 such that for any (x, y) ∈ B qb [x 0 , r] × B qb [x 0 , r] ∩ , the following conditions hold:
If there exists x 1 ∈ Sx 0 such that
4)
where k = λ + β 1 − β and sk < 1, then S and T have a common fixed point x * ∈ B qb [x 0 , r] provided that either S and T are continuous or for any sequence {x n } in B qb [x 0 , r] such that {x n } is -preserving and
we have x n x for all n ∈ N 0 . Moreover, if S and T are compact valued, then d qb (x * , x * ) = 0.
Example 3.13. Let X = R + and d qb :
is not a metric space. Define the mappings S, T : X → CB(X) by 
otherwise.
Define a relation as = {(x, y) ∈[0, 3 ]. Note that, for any x y, we have
Thus S and T satisfy inequalities 
Application to single-valued mappings
In this section we obtain several common fixed point results of single-valued mappings in the setup of left K-sequentially complete dq b-metric spaces. These results extend, unify and generalize the results in [33 , r] such that x * = fx * = gx * and d qb (x * , x * ) = 0 provided that f, g are continuous or for any sequence {x n } in B qb [x 0 , r] with α(x n , x n+1 ) 1 for all n ∈ N 0 and x n → x ∈ B qb [x 0 , r], we have α(x n , x) 1 for all n ∈ N 0 .
Proof. Define S, T : X → CB(X) as Sx = {fx} and T x = {gx}. Note that S and T satisfy all the conditions of Theorem 2.1 and hence have a common fixed point x * in B qb [x 0 , r]. Thus, x * = fx * = gx * and d qb (x * , x * ) = 0. If in Corollary 4.9 we choose g = f, then we obtain the following corollary which in turn generalizes results in [24, 25, 27] . Corollary 4.11. Let (X, d qb , ) be a partially ordered left K-sequentially complete dq b-metric space, and f be -dominated mapping on X. Suppose that there exist some constants λ, β satisfying 0 λ + 2β < 1 such that for any (x, y) ∈ , we have d qb (fx, fy) λd qb (x, y) + β[d qb (x, fx) + d qb (y, fy)].
Then f has a fixed point x * in X and d qb (x * , x * ) = 0 provided that either f is continuous or for any sequence {x n } in X such that {x n } is -preserving and x n → x ∈ X, we have x n x for all n ∈ N 0 .
Proof. The result follows from Corollary 4.9.
